Pierce [4] has developed a sheaf-theoretic representation of rings and modules, which proves to be particularly useful in the study of commutative regular rings. In the present paper we apply this representation theory to the study of locally compact, totally disconnected spaces. The central result is Theorem 2.1, which represents the sheaf cohomology in terms of Ext's. In §4 we show that sheaf cohomology and Cech cohomology coincide for the spaces under consideration, and in §5 we show that there exists a wide class of totally disconnected spaces with interesting cohomology.
Preliminaries.
In this section we outline briefly and without proofs the representation theory which is developed in [4, Part I]. All notation and terminology established here will be preserved throughout the paper.
If R is an arbitrary ring, let B(R) denote the set of central idempotents of R, with the natural Boolean algebra structure:
(1.1) ei V e2 = ei + e2 -exe2, ex f\ e2 -de2.
Let X(R) denote the maximal ideal space of 73(7?). Then X(R) is a Boolean space, i.e., a compact, totally disconnected Hausdorff space.
For each eEB(R), let N(e) be the corresponding open-and-closed subset of X(R). (N(e) is the set of maximal ideals not containing e.)
If 7 is any ideal of the Boolean algebra B(R), let 7-= {re\ rER, eEl}-Then I~ is an ideal of the ring R.
Let A be any i?-module. For each MEX(R), let &M be the abelian group A/M'A. Let &(A) be the disjoint union U{ dM: MEX(R)}.
For each aEA, define a function r": X(R)->a(A) by letting ra (M) be the coset of a in A/M"A. The sets Ta(N(e)), aEA, eEB(R), form a basis for a topology on ñ(A), and with this topology Q(A) is a sheaf of abelian groups over X(R). In the special case A=R, we write (ñ(R) instead of Ct(i?), and ar instead of rr. Then (R(i?) is a sheaf of Received by the editors September 26, 1967. 1 The material in this paper is part of a dissertation submitted to the University of Washington in partial fulfillment of the requirements for the degree of Doctor of Philosophy. The research was supported in part by an NSF Graduate Fellowship.
rings, and the natural P/Af--module structure on A/M~A induces an (R(F)-Module structure on ft04). Theorem 1.1 (Pierce) . Let R be a ring and let A be an R-module. (v) The correspondences A->ft04), </>-x£o define an equivalence between P-mod, the category of R-modules, and (ft(F)-Mod, the category of (ñ(R)-Modules. for e, ei, e2EJC\B(R). Using (2.2) several times, one checks that if riei = r2e2, (riER), then nf(ei)=r2f(e2).
It follows that the function /: JC\B(R)-+A can be extended to a unique i?-homomorphism /: /-*A. Clearly 6(f) =s, and the proof is complete. where the vertical arrows are the homomorphisms induced by <f> and <po, respectively.
We now regard HomR(J, ) and r(Z7[j], ffi( )) as covariant functors from i?-mod to g, the category of abelian groups. Lemma 2.4 and the above diagram provide a natural equivalence 6 between these functors. The rest of the proof is essentially a formality. The simplest approach is to use the following three properties of the sheaf cohomology of a space X, which are verified in [2, Proposition 3.2.1 ] :
(i) The system of functors H"(X; )nao forms an exact d-functor from 9X> the category of sheaves of abelian groups over X, to g.
(ii) H°(X; )=T(X, ). )n¡£o is a universal 3-functor. Since H°(X; ) and T(X, ) agree, the functors Hn(X;
) and Hn(X; ) must be naturally equivalent, for each w ^ 0. Q.E.D.
5. Examples. Recall that the sheaf dimension (or cohomological dimension) of a space X is the sup of the integers n, such that there exists ßGgx, with H"(X; d)^0. The following result, which depends on a theorem of Kaplansky [3] , provides an easy method of obtaining Stone spaces with nontrivial cohomology: Example 5.3.4 Let 5 be a countable discrete space, and let T be an uncountable discrete space. Let SKJ {p} and TVJ {q) be the onepoint compactificationsof these spaces. Let X = (SW {p)) X(TVJ {q}) -{(P< S)} • Then sheaf dim A'VO, since X is not normal, and hence not paracompact.5 Now let 11 be the compact open cover of X consisting of the sets {s\ X(TKJ{q}), s ES, together with the sets (Syj{p}) X{t], tET. Any three distinct sets in 11 have empty intersection. It follows from [l, II, 5.12] that sheaf dim X = l. ' It is well known that X is not paracompact, and a disjoint union of compact open sets is obviously paracompact. In fact, it can be shown that a Stone space is paracompact if and only if it is a disjoint union of compact open sets.
4 This example was suggested by Professor E. A. Michael. « In fact, it can be shown that Hl(X; Zi)^0.
